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ABSTRACT: A three-dimensional inertial model that conserves quasigeostrophic potential vorticity is proposed for
wind-driven coastal upwelling along western boundaries. The dominant response to upwelling favorable winds is a surface-
intensified baroclinic meridional boundary current with a subsurface countercurrent. The width of the current is not the
baroclinic deformation radius but instead scales with the inertial boundary layer thickness while the depth scales as the
ratio of the inertial boundary layer thickness to the baroclinic deformation radius. Thus, the boundary current scales de-
pend on the stratification, wind stress, Coriolis parameter, and its meridional variation. In contrast to two-dimensional
wind-driven coastal upwelling, the source waters that feed the Ekman upwelling are provided over the depth scale of this
baroclinic current through a combination of onshore barotropic flow and from alongshore in the narrow boundary current.
Topography forces an additional current whose characteristics depend on the topographic slope and width. For topography
wider than the inertial boundary layer thickness the current is bottom intensified, while for narrow topography the current
is wave-like in the vertical and trapped over the topography within the inertial boundary layer. An idealized primitive
equation numerical model produces a similar baroclinic boundary current whose vertical length scale agrees with the theo-
retical scaling for both upwelling and downwelling favorable winds.
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1. Introduction

Wind-driven upwelling and downwelling are key processes
in the coastal ocean circulation that connect the surface and
interior ocean. The onshore/offshore Ekman transport in the
surface layer provides downwelling/upwelling, which is sup-
plied by a combination of offshore/onshore return flow below
the Ekman layer and flow along the boundary. These processes
play important roles not only in the water exchange between
the surface Ekman layer and interior but also in the primary
production and chlorophyll redistribution (Hickey 1998).

Wind-driven coastal upwelling theory has been studied in
many works. The upwelling can bring deep isopycnals to the
upper layer, resulting in sloping isopycnals over a horizontal
scale of the baroclinic deformations radius (Charney 1955),
which builds an alongshore, geostrophic flow. Using a two-
dimensional, nondissipative, nonlinear model, Pedlosky (1978)
showed a sharp gradient on scales much less than the Rossby
deformation radius was forced by coastal upwelling, which
can be observed to form during the initiation of upwelling
(Halpern 1974). In the time-dependent, two-dimensional, in-
viscid model of Choboter et al. (2005), an equatorward
boundary current develops more rapidly in the upper ocean
followed by a deeper poleward undercurrent. There is a near-
surface offshore flux of faster alongshore flow and an onshore
flux of slower alongshore flow throughout the interior. Com-
pared to the flat bottom ocean, the cross-shore topography
plays an important role in the cross-slope flow and the along-
slope baroclinic flow. The cross-slope flow is slow and surface
intensified over steep slopes, while the along-slope velocity

has a strong vertical dependence and develops an undercur-
rent (Choboter et al. 2011), and vice versa for shallow slopes.
The partition between onshore flow in a bottom Ekman layer
and onshore flow in the interior depends on the slope Burger
number (Lentz and Chapman 2004). When the Burger num-
ber is small (weak stratification) the onshore flow is carried in
a bottom Ekman layer and the wind stress is balanced by bot-
tom stress. However, when the Burger number is large
(strong stratification or steep slope) the onshore flow is car-
ried in the interior and the cross-shelf momentum flux diver-
gence balances the wind stress.

However, these studies are two-dimensional in the depth-
offshore plane and thus require that the offshore Ekman
transport be balanced by onshore flow below the Ekman
layer, either in the interior or in a viscous bottom boundary
layer. Consideration of a third dimension introduces a poten-
tial source to balance the offshore Ekman transport from
along the boundary. Using a two-layer model with an ideal-
ized continental shelf and slope bottom topography, Allen
(1976) showed that the alongshore and time-dependent be-
havior of the baroclinic and barotropic components are gov-
erned by forced coastally trapped waves. Therefore, the
region of forced upward motion of density surfaces may prop-
agate alongshore to locations distant from that of the wind
stress, which results in the setup of alongshore barotropic cur-
rents at locations in the downwave direction of the wind
stress that forces them. Yoon and Philander (1982) demon-
strated that baroclinic Kelvin waves excited by the onset of
winds that adjust the pressure field arrest the acceleration of
the coastal jet and the upwelling. Meanwhile, a coastal under-
current is established by the difference between the vertical
structure of the waves and the coastal jet.Corresponding author: Haihong Guo, ghh@stu.ouc.edu.cn
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As reported in many studies, the response of the coastal
upwelling forced by nonuniform wind stress is three dimen-
sional. Using a simple three-dimensional model of a time-
dependent coastal upwelling forced by wind stress with
alongshore variability, Yoshida (1980) pointed out the coastal
jet and the poleward undercurrent can be interpreted simply as
the orbital velocities of the forced Kelvin-type waves. The
alongshore variations are introduced by Kelvin waves forced
by fluctuating wind, which permit certain three-dimensional
solutions (Philander and Yoon 1982). The response of the
coastal wind-driven current forced by the wind stress with
a limited longshore extent can also be three-dimensional
(Suginohara 1982; McCreary and Chao 1985; McCreary et al.
1992). Barotropic shelf waves play an essential role in deter-
mining the upwelling circulation (Suginohara 1982), which
leads to the upwelling circulation being balanced three-
dimensionally. The compensation for the upwelling confined to
the coastal area is performed by the divergence due to the equa-
torward coastal jet as well as the onshore flow (Suginohara
1982). The westward Rossby dispersion from an eastern bound-
ary of the equatorward flow associated with the second
coastal-trapped mode response helps to build the poleward
undercurrent, which may represent the one observed off
Oregon and California (Suginohara and Kitamura 1984). The
three-dimensional coastal upwelling system is sensitive to the
bottom topographic profile, which results in usually weak un-
dercurrent if the shelf depth is sufficiently shallow or vertical
mixing is sufficiently strong (McCreary and Chao 1985). The
spatial distribution and strength of the wind stress also play
important roles in modifying the coastal upwelling system.
The circulation forced by a steady positive wind stress curl will
result in a deep, broad, poleward surface current near the
coast, consistent with Sverdrup theory (McCreary et al. 1987).
When the wind is sufficiently strong nonlinear solutions retain
a reasonably strong coastal circulation, which reverses the
propagation direction of mode-2 Rossby waves by the strong
onshore geostrophic flow (McCreary et al. 1992).

Most of these previous studies were applied to eastern
boundaries because upwelling-favorable winds are often
found at midlatitudes during the summer months. However,
upwelling-favorable winds are also often found along western
boundaries. During the southwest monsoon, the offshore
Ekman transport owing to an intense alongshore wind gener-
ates coastal upwelling in the western Indian Ocean, along the
coast of Somalia and Oman. This coastal upwelling builds a
northward boundary current and a subsurface countercurrent
(McCreary and Kundu 1985; Schott 1983; Vic et al. 2017).
The surface jet off the Oman coast resulting from the coastal
upwelling is associated with the thermal wind balance, while
the dynamical explanation for the undercurrent remains un-
known (Vic et al. 2017). Intense, upwelling-favorable winds
are also often found during the monsoon season in the Bay of
Bengal, in the marginal seas of the western Pacific Ocean
(South China Sea, East China Sea), and along the east coast
of Greenland. These are a few examples of situations in which
winds along the western boundary of the ocean will give rise
to an offshore Ekman transport.

Given the diversity represented by these examples (shelf
width, depth, stratification, wind strength), we seek to develop
a general theory for the ocean response on western bound-
aries to upwelling-favorable winds. We are interested in the
magnitude and three-dimensional structure of currents forced
by coastal upwelling along a western boundary under homo-
geneous wind stress. We focus on the much less studied west-
ern boundaries because, as will be demonstrated below, it is
only on western boundaries that steady, inviscid upwelling
solutions are possible. We recognize that western boundary
coastal regions often include complicating factors not consid-
ered here such as western boundary currents and strong
mixing. Our main focus is to demonstrate that consideration
of a third dimension fundamentally alters the circulation and
source regions for waters upwelling into the Ekman layer.
With this in mind, we explore the currents derived from per-
haps the simplest model of coastal upwelling: steady uniform
wind stress applied to a stratified, adiabatic, inviscid quasigeo-
strophic fluid over a sloping bottom. Applications include the
western boundaries of the major ocean basins, particularly in
regions with wide shelves that separate western boundary cur-
rents from the coast. Large lakes and marginal seas that lack
strong western boundary currents are also potential applica-
tions. Although our theory is inviscid, favorable comparison
with numerical model results, which include viscosity and dia-
pycnal mixing, suggests that the basic predictions from the
theory remain useful even in the presence of mixing.

2. Theory

a. Equations

We consider a nonlinear model for the steady-state circula-
tion in a uniformly stratified ocean, with bottom topography
declining in the cross-shore direction from an elevation h* at
the western boundary. The model is adiabatic and inviscid
and conserves quasigeostrophic potential vorticity. To most
clearly expose the parameter sensitivity and the structure of
the circulation forced by the interaction of the Ekman trans-
port with a boundary, we consider the nondimensional form
of the equations. The vertical coordinate is scaled by the
ocean depth far from the western boundary, H*, and the hori-
zontal length is scaled by L*, which could be chosen to be the de-
formation radius. All variables with an asterisk are dimensional,
and henceforth those lacking an asterisk are nondimensional.

The flow is driven by a uniform northward wind stress on a
beta plane, therefore, a nearly meridionally uniform zonal
transport within the Ekman layer is drawn away from the
western boundary. The wind stress has no curl so that there is
no Ekman pumping in the interior, allowing us to focus on
the interaction between the Ekman layer and western bound-
ary. It is assumed that, away from the boundary, the eastward
Ekman transport is balanced by a westward interior geo-
strophic flow of strength U* � t*/r0f0H

*, where f0 is the di-
mensional Coriolis parameter at the meridional center of the
model domain, and r0 is the mean density in the Boussinesq ap-
proximation. The previously discussed theories (e.g., Choboter
et al. 2005; Pedlosky 1978, 2013) illustrate that the response of
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the boundary current to the Ekman source and sink is baroclinic.
For three-dimensional flows, the alongshore current is surface
intensified with a vertical scale less than the full depth of the
ocean, while the lower layer is not directly affected by the source
and sink (Pedlosky 2013). This formulation is similar to the two-
dimensional inviscid models of Pedlosky (1978) and Choboter
et al. (2005, 2011). The primary difference is the addition of a
third, along-coast, dimension, which will be shown to fundamen-
tally alter the circulation and source waters for the Ekman
upwelling.

Following Pedlosky (2013), the nondimensional quasigeo-
strophic potential vorticity is defined as

q � ∇2c 1
1
S

2c

z2
1 by, (1)

where b � bL*2/U* and S �N2H*2/f 20L
*2, b is the dimensional

planetary vorticity gradient, and N is the uniform buoyancy
frequency.

The potential vorticity is a constant along streamlines for
steady adiabatic, frictionless flow. Far from the western
boundary, the potential vorticity is simply specified by the lati-
tude at which the flow enters domain

q � by � b
U

c � Q(c): (2)

Given that we have scaled the velocity with the barotropic
interior flow U*, U = 1. However, we keep the variable U in
the following derivation because it helps to interpret the gov-
erning dynamics. Since q is conserved following the flow, the
potential vorticity is a function of the streamfunction. This re-
lationship will continue to hold on all streamlines as they ap-
proach the western boundary.

The vertical boundary conditions require that the normal
component of the velocity at the surface and the bottom be
zero. Following Pedlosky (2013), the vertical velocity required
at the bottom is given by

w � u · ∇h � J(c,h) � 2
1
S
J c,

c

z

( )
, z � 0, (3)

where h � (f0h*/H*U*)L* is the nondimensional topographic
height. Because the flow is adiabatic, the vertical velocity can
also be related to the horizontal advection of the perturbation
density and the stratification, which gives rise to the equality
on the right-hand side. Consistent with the quasigeostrophic
approximation, this boundary condition is applied at z = 0.
Since both c/z and h are zero far from the western bound-
ary, if we integrate (3) far from the boundary to an arbitrary
position over the topography, h1 (1/S)c/z must vanish.
Therefore, the bottom boundary condition becomes

c

z
� 2Sh, z � 0: (4)

On the upper boundary,

c

z
� 0, z � 1: (5)

The topography decays in the zonal direction from h0 at the
western boundary to zero over a horizontal e-folding length
scale k,

h � h0e
2kx: (6)

The lateral boundary condition at the western boundary is
related to the Ekman flux. The Ekman layer is extremely thin
compared to the total depth and is nondivergent except at the
western boundary. We assume that the Ekman layer lies out-
side our model domain and acts as a boundary condition at
x = 0, z = 1, similar to Pedlosky (1978) and Choboter et al.
(2005, 2011). Therefore, we use a Dirac function to represent
this source at the western boundary. That is,

u � 2
c

y
� 2Ud(z 2 1), x � 0, (7)

so that the zonal velocity is zero at the western boundary below
the surface and of sufficient strength at the surface to draw
fluid from below to balance the offshore Ekman transport.

The full equations for the interior ocean below the Ekman
layer are then

∇2c 1
1
S

2c

z2
1 by � b

U
c, (8a)

c

z
� 2Sh, z � 0, (8b)

c

z
� 0, z � 1, (8c)

c

y
� Ud(z 2 1), x � 0: (8d)

b. Solutions

To solve these equations, we first write

c � Uy 1 w, (9)

where w is the perturbation streamfunction representing the
adjustment of the interior geostrophic pressure due to the
presence of the boundary and the sink at the corner. There-
fore, w satisfies

2w

x2
1

1
S

2w

z2
2

b
U

w � 0, (10a)

w

z
� 2Sh, z � 0, (10b)

w

z
� 0, z � 1, (10c)

w � (Uy 2 c0)[d(z 2 1) 2 1], x � 0,

(10d)

where c0 is the pressure on the boundary, which determines
the position of the stagnation point and we are free to specify
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as a boundary condition. Anticipating a boundary layer struc-
ture, the alongshore scale is assumed to be much greater than
the cross-shore scale, therefore, in (10a) derivatives in the
y direction have been dropped.

A particular solution of (10a), which satisfies the vertical
boundary condition (10b) and (10c), is

wp � h0
S
m

e2kx coshm(z 2 1)
sinh(m) , (11a)

m � S1/2
����������
b
U

2 k2
√

: (11b)

This particular solution only satisfies the vertical boundary
conditions so homogenous solutions are needed to match the
lateral boundary conditions. The lateral condition at the west-
ern boundary, rewritten in terms of perturbation streamfunc-
tion, is then

Uy 2 c0 1 wp 1 who � (Uy 2 c0)d(z 21), x � 0: (12)

It is clear that the homogeneous component contains two
independent solutions, that forced by interaction between the
zonal flow and the bottom topography and the source/sink so-
lution due to Ekman pumping/sucking at the corner. These
solutions will be labeled wt

ho and ws
ho, respectively.

It follows directly that the source/sink solution is

ws
ho � ∑1‘

n�1
2(Uy 2 c0)e2ax(2 1)n cos(npz), (13a)

a2 � b
U

1
n2p2

S
: (13b)

Note that the source/sink solution has no barotropic com-
ponent, which is not surprising because the vertical integral of
the first two terms on the left side of (12) is equal to the inte-
gral of the right-hand side.

The homogeneous topographic forced solution is

wt
ho � ∑‘

n�0
Ane

2ax cos(npz): (14)

Since the source/sink solution has already satisfied the geo-
strophic lateral boundary condition, more conditions are re-
quired to determine the homogeneous topographic solution.
Consider the linear meridional momentum equation adjacent
to the boundary with a small artificial friction proportional to
the meridional velocity y, where « ,, 1,

y

t
1 f0ua � 2«y: (15)

Since the homogeneous topographic solution is indepen-
dent of y and thus has no zonal geostrophic component, the
balance is between friction, acceleration, and the ageostrophic
zonal velocity ua. In the limit of vanishing «, the no normal
flow condition requires that y/t = 0 which, for a problem
spinning up from rest, requires that y = 0. The momentum

balance remains valid even for finite values of friction and
steady flows. Higher-order frictional parameterizations will
produce a more complicated boundary condition, but this lin-
ear form allows for simple analytic solutions. Therefore, the
alongshore velocity y is set to zero for the topographic rele-
vant solutions, from which it follows

dwt
ho

dx
1

dwp

dx
� 0, x � 0: (16)

Applying (12) and (14) to (16) yields the homogeneous to-
pographic solution

wt
ho � ∑‘

n�0
2

2«nh0Sk
a(p2n2 1 m2) e

2ax cos(npz), (17a)

«n �
1
2
, n � 0

1, n$ 1
:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩ (17b)

3. Discussion

Although most of the analysis will be in nondimensional pa-
rameter space, it is helpful to frame the discussion at the outset
by identifying the order of magnitude of the nondimensional
numbers derived from typical oceanic parameters. Dimen-
sional parameters representative of the midlatitude oceans are
t* � 0:1kg m21 s22, r0 = 103 kg m23, f0 = 1024 s21,H* � 103 m,
L* � 105 m, b � 10211 m21 s21, N = 1022 s21. This results in an
onshore barotropic velocity of U* � 1023 m s21. Using these
values, the nondimensional numbers scale as

b � O(102), S � O(1), bS .. 1: (18)

This scaling represents a deep, stratified ocean, which would
be appropriate for a deep ocean adjacent to a narrow shelf.
On the other hand, applications to a wide shelf, for which
H* = O(102) m, can result in bS =O(1) for strong stratification
and bS,, 1 for weak stratification. As will be shown below, in
this limit the vertical scale of the boundary current exceeds the
bottom depth and the response is nearly barotropic. To focus
on the vertical structure of the boundary current, we set the
parameters S = 1, U = 1, b = 100, and k = 5 for the example
presented in this section. Owing to the large range of potential
values for different applications, the sensitivity to these param-
eters will also be discussed. It is also worth noting that our sol-
utions are uniformly valid for all values of b and S, no
assumptions about their relative magnitudes are required.

a. The boundary pressure c0

A representative solution for the streamfunction is shown
in Figs. 1a and 1b at two depths, one averaged between
z = 0.8 and 1.0 and the other near the bottom (z = 0.1). For
this choice of c0 = 5, the flow is symmetric in the meridional
direction about y = 5. Deep in the water column, the interior
flow approaches the western boundary and is diverted north-
ward and southward in a narrow boundary layer. Note that,
because the flow is inviscid, there is no bottom boundary layer
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and the onshore flow is limited in its ability to reach the bound-
ary and upwell into the Ekman layer. However, near the surface,
the flow develops a narrow boundary current with increasing
strength away from the c0 streamline. The flow in the boundary
current is directed toward the latitude c0 from both the north
and south, in the opposite direction to the deep flow. There is
also a component of the flow directed toward the boundary.
This provides some of the source waters that are drawn into the
Ekman layer in the corner. The balance in the potential vorticity
terms is between relative vorticity and stretching vorticity, varia-
tions in planetary vorticity are locally relatively unimportant.

The solution depends on the choice of c0, the pressure on
the boundary. A choice of c0 = 0 would result in all of the
deep onshore transport turning toward the north with a strong
boundary current near the surface, as seen in Fig. 1b for
y . 5. It can be most easily understood by recognizing that
the streamfunction holds as a constant line along the refer-
ence latitude far from the ocean interior to the boundary.
Therefore, to the north (south) of this latitude, the pressure at
the boundary is smaller (larger) than the ocean interior, which
supports a northward (southward) flow near the boundary. It
can also be understood from the vorticity balance. Since we
assume the ocean interior is frictionless, the vorticity balance
of the deep circulation within the boundary layer is between
the relative vorticity and planetary vorticity. Furthermore, the
main component of the relative vorticity is attributable to the
meridional velocity because in the boundary layer the zonal
scale is much smaller than the meridional scale. Therefore,

the deep impinging flow moves either northward or south-
ward, which depends on the boundary condition that we
choose at x = 0.

The value of c0 is determined by processes outside the local
region of wind forcing. The boundary pressure is propagated
along the boundary by waves (Allen 1976; Yoon and Philander
1982). In the case of spatially limited wind stress, the boundary
pressure at the upstream (in the wave phase speed sense)
limit of the wind stress would determine c0. In that case the
flow in the boundary current would be from the south toward
the latitude where the wind stress ceases, as in the two-layer
solutions of Allen (1976). For the cases considered here, with
spatially uniform wind stress in a closed basin, the boundary
pressure is determined by a contour integral around the
whole basin, which would presumably involve distant wind
forcing and dissipation. One can imagine a similar downwel-
ling boundary layer on the eastern boundary that exports
water to the south in a narrow boundary current that closes
the circulation with this western boundary current in a Fofonoff-
like inertial gyre. Although the flow direction depends on the
boundary constant, the boundary layer width and vertical
scale, the primary quantities of interest here, do not depend
on c0. Therefore, in the further analysis, we diagnose the
boundary current structure at y = 0 without loss of generality.

b. The total solution

The total solution for the velocity shows that a southward
meridional flow arises as the boundary is approached at all

FIG. 1. The streamfunction (a) averaged between z = 0.8 and z = 1 and (b) z = 0.1 of the source/
sink solution. In this calculation S = 1, b = 100, U = 1, and c0 = 5.
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depths, with a stronger, narrower boundary current in the
upper layers compared to the lower layers (Fig. 2a). An
adjacent northward velocity develops in the upper ocean on
the offshore side of this narrow flow. The deep meridional
velocities have very weak vertical shear and are trapped
near the western boundary with scale LI �

������
U/b

√
. This is the

inertial boundary layer, which is governed by a potential
vorticity balance between relative vorticity and the plane-
tary vorticity gradient. The ratio of this inertial boundary
layer width to the baroclinic deformation radius is given by
LI /Ld �

�������
U/Sb

√
, which is the square root of the ratio of the

interior velocity to the baroclinic Rossby wave speed. For
the present parameters, this ratio is much less than one,
while for strongly forced, weakly stratified shallow shelves it
can be greater than one. This is a significant difference be-
tween the present theory and those for which the width of
the coastal current scales with the baroclinic deformation
radius (e.g., Allen 1980).

Pedlosky (2013) found similar results for the interaction of
surface Ekman transport with an island, with some of the
streamlines feeding the eastern upwelling directly from the in-
terior and some from along the island perimeter. If the island
radius in Pedlosky (2013) is much larger than the deformation
radius, the streamlines around y = 0 are similar to our straight
boundary solution.

The total solution contains three parts, the flat bottom
source/sink forcing solution, the particular solution, and the

topographic homogeneous solution. Because the problem is
linear, we may consider each of these components separately.

c. Flat bottom contribution

The flat bottom source/sink solution is much stronger than
the particular and homogeneous solutions forced by topogra-
phy (Fig. 2b). For the barotropic part of the interior flow, the
stretching vorticity is negligible because the height variations
are small over a length scale less than the order of the defor-
mation radius in the quasigeostrophic framework. The deep
flow potential vorticity balance of the source/sink solution is
mainly between the relative vorticity and planetary vorticity,
which are the first and third terms in (10a). Therefore, the
streamfunction anomaly owing to the source/sink forcing is in-
tensified at the western boundary, which decays eastward
with the inertial boundary layer width. This is demonstrated
in Fig. 3a in which the horizontal scale of the deep flow was
diagnosed from a series of solutions with different values
for b, as summarized in Table 1. The horizontal scale was
diagnosed as the location of the e-folding of the boundary
streamfunction anomaly at z = 0.5. The diagnosed boundary
current width scales with

������
U/b

√
in Fig. 3a (solid line). This

demonstrates that vortex stretching is negligible in the deep
ocean and the balance is between relative vorticity and beta.
Not surprisingly, the horizontal scale of the deep flow is not
sensitive to S (not shown).

FIG. 2. (a) Meridional velocity of the total solution, (b) the source/sink forcing solution, (c) the particular solution,
and the (d) topographic forcing solution, at y = 0. In this calculation, S = 1, b = 100, U = 1, c0 = 5, k = 5, and h0 = 0.5.
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The source/sink solution shows strong baroclinicity, espe-
cially as the flow in the upper ocean enters into the inertial
boundary layer. The streamfunction of the source/sink solu-
tion shows a sharper gradient in the upper ocean than in the
deep ocean (Figs. 1a,b). The delta function forcing at the sur-
face results an intense, narrow structure, particularly as the
surface is approached (Fig. 2b). The baroclinic structure
shows a local maximum southward flow lying below the strong
northward boundary current. However, if one averages the
transport in the vertical, the upper-ocean baroclinic flow be-
comes evident (Fig. 1a). Below this the southward flow be-
comes independent of depth. The horizontal width of this
baroclinic meridional boundary current scales as 1/a, which
can be demonstrated from (13). The parameter scaling (18)
shows that, for deep ocean scaling, the typical value of the
nondimensional number b is much larger than S and U.
Therefore, in the series solution, b/U . n2p2/S for small n.
Meanwhile, the remaining terms play a decreasing role in the
summation of the series solution as n increases, especially for
small z, owing to the cosine function. Therefore, the horizontal
scale 1/a can be approximated as

������
U/b

√
in the lower layers, con-

sistent with Fig. 3a. However, as z increases from 0 toward 1,

the remaining terms are beginning to play a more important
role even for large n in the summation of the cosine series, re-
sulting in the variability on a scale 1/a ,

������
U/b

√
, which means

a sharper pressure gradient, and stronger currents, in the up-
per layer than in the lower layer. Therefore, this strong baro-
clinic boundary current is located above the depth where b/U
and n2p2/S are comparable. Since in the cosine function of
(13a) z is inversely proportional to np, the vertical scale of
this strong baroclinic current can be inferred from (13b) to be�������
U/Sb

√
, so for Sb .. 1 the flow is baroclinic while for Sb ,, 1

the flow is barotropic. Below
�������
U/Sb

√
, the boundary flow is not

directly affected by the source/sink, and can be approximated
as an inertial boundary layer. Therefore, the flow shallower
than

�������
U/Sb

√
is effectively decoupled from the deep ocean.

The stretching vorticity starts to play an increasing role
near the surface in the vorticity balance. Given that the
stretching does not contribute to the barotropic vorticity and
the baroclinic solution is surface intensified (Fig. 2b) for the
source/sink solution in a flat bottom ocean, the streamfunc-
tion anomaly due to the baroclinic stretching is strong near
the surface and decays with depth. The balance between the
planetary vorticity and stretching vorticity in (10a) shows that
the key parameter of the baroclinic current forced by the
source/sink solution is U/Sb, which is the ratio of planetary
vorticity to stretching vorticity as well as the ratio of the iner-
tial boundary layer width and the deformation radius,
squared. If U/Sb ,, 1, the vertical length scale has to be small
in order for the stretching term to balance the relative vortic-
ity term. In the other limit, U/Sb .. 1, the stratification is
weak and the vertical length scale approaches the bottom
depth. As the flow moves into the boundary layer, the relative
vorticity starts playing an increasingly role in the potential
vorticity balance. In the boundary layer x,

������
U/b

√
, the relative

vorticity in (10a) exceeds the planetary vorticity advection,
which then requires a smaller vertical scale so that the stretch-
ing vorticity can adjust to conserve q.

The vertical scale was diagnosed as the depth of the e-folding
of the surface streamfunction anomaly at x � ������

U/b
√

for various

FIG. 3. Comparison between (a) the horizontal scale of the deep streamfunction at the western boundary, (b) the vertical scale of the
source/sink solution at the surface, and (c) the vertical scale of the particular solution and that predicted by the scaling theory. The colored
dots denote the scale diagnosed from the analytic solutions for a wide range of the parameters. The red, blue, and purple dots represent
the variations of b, S, and k.

TABLE 1. Parameters for the theory calculation used in Fig. 3.
The sensitivity calculations are based on the standard calculation,
where S = 1, U = 1, b = 100, and k = 5. In each calculation, only
one parameter was altered.

S b k

0.2 20 0
0.4 40 1
0.6 60 2
0.8 80 3
1 100 4
1.2 120 5
1.4 140 6
1.6 160 7
1.8 180 8
2 200 9
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values of S and b (Table 1). The vertical scale of the series
solutions is plotted as a function of

�������
U/Sb

√
in Fig. 3b (solid

line), which is also well predicted by the leading-order be-
havior, especially for small

�������
U/Sb

√
. Physically, the larger the

wind strength means stronger the onshore flow, which turns
to the meridional flow in the boundary layer. To balance
the same strength of planetary vorticity variation, the same
relative vorticity forced by stronger onshore flow results in
a larger horizontal scale for strong boundary flow. The ver-
tical scale can also be understood from the balance between
the relative vorticity and stretching vorticity in (10a), where
the horizontal scale of the relative vorticity is the inertial
boundary layer thickness

������
U/b

√
. The vertical scale is ob-

tained by taking the ratio of the first term for the second
term in (10a). Therefore, the vertical scale depends on the
horizontal scale through the vorticity balance in (10a),
which is also larger for stronger wind stress. The stratifica-
tion plays an important role in the stretching vorticity varia-
tion (10a). For weak/strong stratification, the stretching
vorticity is also weak/strong, which needs a large/small ver-
tical scale to balance vorticity variations. As the stratifica-
tion tends to zero, the stretching vorticity is not effective
and the solution becomes barotropic. The dependence of
the scales on b can be understood from recognizing that a
stronger planetary vorticity gradient requires stronger rela-
tive vorticity and stretching vorticity, which means a nar-
rower boundary layer thickness.

d. The topographic contribution

Topography enters the problem in two ways. First, it alters
the flat bottom solution, that is, the stretching vorticity is in-
volved in the barotropic vorticity balance over the topo-
graphic length scale 1/k. As the interior flow moves across the
sloping topography it introduces stretching of planetary vor-
ticity, fwz, that tends to increase the potential vorticity, this
is balanced by southward advection of planetary vorticity
(Fig. 2c). Therefore, the horizontal scale of the stretching vor-
ticity induced by topography depends on the topographic
scale, which is distinct from the boundary layer thickness. As
the flow impinges on the western boundary, the vorticity bal-
ance in the western boundary layer over topography is not
only between relative vorticity and planetary vorticity, but the
stretching vorticity is also active. Second, it provides a forcing
at z = 0 through the no-normal flow condition at the bottom.
This supports a bottom-intensified baroclinic current that de-
cays upward with an e-folding scale of 1/m (Fig. 3c).

The vertical structure of the particular solution depends on
the topographic slope (11a) and (11b). For wide topographic
slopes (k2 , b/U), m is real, and the particular solution is a
bottom-intensified flow over the slope, as in Fig. 2c. In this re-
gime the topography is wider than the inertial boundary layer
width, relative vorticity of the particular solution is small, and
the potential vorticity balance is primarily between vertical
stretching and advection of planetary vorticity. This is the

FIG. 4. The (a),(b) perturbation streamfunction and (c),(d) meridional velocity of the particular solution at y = 0. Panels
(a) and (c) are for wide topographic slopes k2 , b/U; (b) and (d) are for narrow topographic slopes k2 . b/U.
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most relevant regime for the midlatitude ocean. The strength
of the particular solution is far smaller than the source/sink
solution and the vertical scale of the particular solution is
always larger than the source/sink solution since m,

�������
Sb/U

√
in this limit. Physically, the dependence of vertical scale on
stratification, geostrophic flow strength, and b is the same as
the vertical scale of source/sink solution but trapped in the
bottom layer.

If k2 = b/U, the topography is exactly the width of the iner-
tial boundary layer and m = 0 so the balance is between rela-
tive vorticity of the particular solution and b and the
particular response is barotropic.

For topography narrower than this (k2 . b/U) m becomes
imaginary, which results in wave-like solutions in the vertical
(Fig. 4). In this limit the relative vorticity produced by the
narrow topographically induced flow is larger than can be bal-
anced by advection of planetary vorticity and so the stretching
term is required to balance. The stretching contribution is of
opposite sign in this limit compared to the wide topography
case. Therefore, compared with wide topographic slopes, the
particular solution of narrow topographic slopes is not bot-
tom-intensified but produces a vertical wave-like flow within a
narrower boundary layer. The wavenumber increases as the
topographic slope decreases.

The homogeneous topographic forced solution is a maxi-
mum at the western boundary and decays eastward with hori-
zontal scale 1/a (17a). Since the particular solution satisfies
the vertical boundary condition and the topographic forcing
solution is a supplemental solution that matches the lateral
boundary condition, the topographic forced solution shares
the same vertical scale with the particular solution.

The source/sink forcing solution has no barotropic compo-
nent. However, for nonzero topography, the particular and
homogeneous topographic solution do contain barotropic
components (Figs. 5a,b). Both the particular and homoge-
neous topographic solutions are boundary intensified but with
different scales. The particular solution decays eastward with
a scale depending on the topographic extension from the
western boundary, while the homogenous topographic forcing
solution decays over the inertial boundary layer width

(the same decay scale as the source/sink solution), which is
independent of the topography (Fig. 5b). The barotropic
velocity over the topography increases as the width (1/k)
decreases or the maximum height at the boundary h0 increases.
Although the streamfunction anomaly of the particular solu-
tion at the boundary depends only on h0 (11), the decay of the
streamfunction anomaly depends on the topographic scale
(1/k), resulting in distinctive boundary currents with different
topographic scales (Figs. 5a,b). The boundary perturbation
streamfunction of the homogenous topographic solution is
sensitive to both h0 and k. The velocity of the homogeneous
topographic solution is reversed but with the same magni-
tude as the particular solution at the boundary. Therefore,
the solutions forced by the topography have no meridional
velocity at the western boundary, which is the no-slip bound-
ary condition (16).

e. The mass budgets

These solutions provide a framework for understanding the
mass budget and the origin of water that is drawn into the Ek-
man layer. The zonal flow approaching the western boundary is
exactly that required to balance the offshore Ekman transport.
However, the deep flow turns parallel to the boundary, it does
not upwell into the Ekman layer. This is a major difference be-
tween these three-dimensional solutions and two-dimensional
solutions (e.g., Lentz and Chapman 2004; Choboter et al. 2005,
2011). So, the logical question is, if this deep water is not enter-
ing the Ekman layer, where does that transport into the Ekman
layer come from?

The upper-ocean streamfunction in Fig. 1a shows that the
upwelling is provided by the meridional flow in the baroclinic
boundary current, which feeds into a vanishingly thin bound-
ary layer that ultimately feeds the upwelling into the Ekman
layer. Additional physics that include mixing and viscosity,
not considered here, would be required to explicitly represent
the balances in this narrow boundary region. The depth that
marks the transition between the deep recirculating flow and
the source waters for the Ekman layer is the vertical length
scale for the baroclinic flow, LI /Ld �

�������
U/Sb

√
. Given that the

perturbation solution has zero depth-integrated meridional

FIG. 5. (a). The barotropic perturbation streamfunction of the particular solution (dotted line) at y = 0, the homoge-
nous topographic forced solution (dashed line), and the total solutions relevant to the topography (solid line). Differ-
ent colors denote the different topographic parameters. (b) As in (a), but for the barotropic meridional velocity.
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transport, the meridional transport shallower than this depth
is of equal magnitude and in the opposite direction to the
deep flow and thus provides the transport required by the off-
shore Ekman flow. As the boundary is approached, the deep
zonal flow approaches zero over a horizontal length scale������
U/b

√
. To keep the source/sink forced perturbation solution

purely baroclinic, the upper-layer zonal flow increases toward
the boundary over this same length scale. Therefore, the wa-
ter that gets upwelling into the Ekman layer comes primarily
from the upper ocean shallower than

�������
U/Sb

√
and is advected

into the upwelling region through a combination of a meridio-
nal boundary current of the inertial boundary layer width and
the onshore flow in the interior. The direction of the meridio-
nal flow that supplies the source waters in the baroclinic
boundary current depends on the choice of boundary constant
c0. This means that the depth of the source waters that feed
Ekman upwelling is not an inherent length scale that depends
only on the local environmental parameters but instead deep-
ens as the wind forcing strengthens, as the stratification weak-
ens, or as the Coriolis parameter increases.

This also provides a scaling for the magnitude of the meridio-
nal velocity in the boundary current since it has to provide the
transport into the Ekman layer that is not provided from the in-
terior onshore flow. If one takes the deep southward transport,
which scales as U 12

�������
U/Sb

√( )
Ly, and requires that this be pro-

vided in a boundary current of horizontal scale
������
U/b

√
and verti-

cal scale
�������
U/Sb

√
, then the magnitude of the velocity in the

baroclinic boundary current is V � b
��
S

√
12

�������
U/Sb

√( )
Ly, where

Ly is the nondimensional distance from where c = c0. For typi-
cal values of b .. 1, Ly .. 1, S = O(1), and U = O(1), V .. 1
and the baroclinic boundary current is very strong compared to
the interior flow. Note that the boundary current is stronger for
stronger stratification, larger b, and stronger onshore flow but it
is not a simple linear dependence because both the width and
depth of the boundary current depend nonlinearly on these
parameters.

f. The eastward interior flow

For steady frictionless flow, an inertial boundary layer
arises as the onshore geostrophic flow impinges on the bound-
ary. The occurrence of inertial boundary layers completely
depends on the direction of the interior flow at the boundary
(Greenspan 1962; Pedlosky 1965). We adopt an oceanic inte-
rior westward geostrophic flow toward the western boundary.
Pedlosky (1965) interpreted the need for westward flow into
the western boundary as a means to trap short Rossby wave
energy from radiating away from the boundary. The width of
the inertial boundary layer is such that the group speed of the
eastward propagating Rossby waves is exactly balanced by
the westward velocity U. This may also be understood from
consideration of the barotropic potential vorticity, defined as

qbt �
ybt
x

2
ubt
y

1 by � zbt 1 by: (19)

Far from the boundary, the relative vorticity zbt is zero. At
the boundary, again since the meridional scale is much larger
than the zonal scale, the relative vorticity is ybt/x. For

northward wind stress the westward zonal interior flow im-
pinges on the western boundary and deflects either northward
or southward. For northward flow, the relative vorticity in the
boundary layer is negative, which can balance the increase in
the planetary vorticity and vice versa for southward flow.

However, if there were southward wind stress the interior
flow would be toward the east, away from the western bound-
ary. The potential vorticity still holds as a constant along
streamlines (10a) but the sign of the last term on the left-hand
side is now positive. This does not support an exponentially
decaying boundary current, as was found for the westward
flow. Moreover, for southward wind and eastward zonal inte-
rior flow, the relative vorticity in the northward flowing
boundary layer will increase, as does the planetary vorticity,
violating potential vorticity conservation. Therefore, the east-
ward flow lacks the physical mechanism to support an inertial
boundary layer on the western boundary. However, as we
demonstrate in the next section, a numerical model with east-
ward interior flow produces a boundary current very similar
to that for a westward interior flow. We assert that the dissipa-
tion in the model is large enough to trap short Rossby waves
near the western boundary and allow for set up of a baroclinic
boundary current structure analogous to the westward inte-
rior flow cases even though the boundary current in the model
is viscous, not inertial.

4. Numerical model

The advantage of the inviscid, adiabatic quasigeostrophic
framework is that it allows for closed form solutions and a
clear interpretation of the physics that controls the structure
of the boundary current. However, many strong assumptions
are required which may be questionable in the near coastal re-
gion. In particular, quasigeostrophy linearizes the stratifica-
tion and assumes isopycnal displacements are small. It also
neglects advection of potential vorticity by the ageostrophic
flow. We have neglected mixing of momentum and density,
which may not be good approximations in strong, narrow sur-
face intensified boundary currents. In this section we apply an
idealized configuration of a nonlinear primitive equation
model to compare with the basic predictions from the theory.

a. Model configuration

The numerical model used is the MITgcm primitive equa-
tion model. The model is configured using a z-level vertical
coordinate and with a partial cell treatment of the bottom to-
pography. The domain is 960 km 3 960 km and 2000 m deep
with a flat bottom and closed boundaries. The model has a
uniform horizontal grid spacing of 2 km and 45 levels in the
vertical with spacing ranging of 10 m over the upper 200 m,
gradually increasing to 200 m at the bottom. The initial strati-
fication is uniform and a spatially uniform, steady, northward
wind stress is applied. The model is run for a period of
120 days with the analysis taken over the final 90 days of inte-
gration. Subgridscale mixing is represented by a horizontal Sma-
gorinsky viscosity (Smagorinsky 1963) with nondimensional
coefficient 2.5 and vertical viscosity and diffusion with coeffi-
cients 1024 and 1026, respectively. Calculations with a uniform
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horizontal Laplacian viscosity with coefficient 20 m2 s21 are es-
sentially the same as those presented here, and additional calcu-
lations have shown that the basic results are not sensitive to
these parameters. The Coriolis parameter at the southern
limit of the domain is 3 3 1025 s21 with meridional variation
b = 23 10211 m21 s21. The wind stress for the example case is t
= 0.005 N m22. This weak wind stress was chosen to provide a
central case that would produce moderate strength currents so
as to be consistent with the quasigeostrophic approximation in
the theory. Stronger wind stresses, up to 0.05 N m22, are
applied in the following section. The initial stratification
N2 = 2.25 3 1026 s22. After this central case is discussed, a
series of model runs are carried out in which b, N2, and t are all
varied, and the results are compared with predictions from the
theory in the previous section.

The inertial boundary layer width varies between 2 and
10 km for these model runs. The Smagorinsky viscosity
parameterization produces viscosities of O(10–50) m2 s21,
which gives a viscous boundary layer width of O(10) km. This
is as wide or wider than the inertial boundary layer, so that
friction is important in all cases and the model western bound-
ary layer is not purely inertial.

b. Central case

A vertical section of the mean meridional velocity and
density, averaged in time and between latitudes y = 200 and
400 km, is shown in Fig. 6. Note that this is only the upper
1000 m and westernmost 100 km of the basin. The flow is
dominated by a northward surface intensified current and a
weaker southward current below. The northward flow is a
maximum just off the western boundary while the southward
flow is a maximum on the boundary. The interior flow toward
the boundary isO(1024) m s21, so the boundary current is ap-
proximately two orders of magnitude stronger, consistent
with the theory. The horizontal scale of the boundary current
is O(10) km, an order of magnitude less than the baroclinic
deformation radius. The isopycnals are flat in the interior but
they are deflected within a few kilometers of the western
boundary. In the upper 50 m the isopycnals rise, providing
anomalously dense water near the boundary and a horizontal
density gradient to support the surface intensified jet. Over
the deeper half of the countercurrent the isopycnals are de-
flected downward, as required to balance the local maximum
in southward flow. It is clear that near the surface the quasi-
geostrophic assumption of spatially uniform stratification is
not well satisfied, yet the basic baroclinic current structure
predicted by the theory is found in the model.

There are differences between the model and the theory.
Notably, the theory predicts that the countercurrent projects
all the way to the surface in an ever-narrowing region along
the western boundary. Its absence in the numerical model is
not surprising, however, because the Ekman upwelling is not
confined to a delta function in the corner and the model has a
finite grid spacing and lateral viscosity that will erode such a
narrow flow. The weak deep southward flow expected from
the theory is also not apparent, but we find that the deep flow
is time dependent as a result of basin modes that are excited

by the forcing. They are sufficiently strong to alias the deep
flow depending on what time period is chosen for averaging
(but the stronger baroclinic flow in the upper ocean is not
strongly affected). Friction is sufficiently small that they decay
over a longer time scale than the model integration time. Lon-
ger time integrations result in instabilities of the western
boundary current and further mask the basic current struc-
ture. Moreover, it is worth noting that there is a limitation on
the applicability of our theory due to the offshore advection
of density caused by Ekman transport in the surface layer.
Absent a balancing surface heat flux, this will spread dense
water offshore and result in convective mixing near the sur-
face (Spall and Schneider 2016). Therefore, we focus on the
early time mean vertical structure of the upper-ocean baro-
clinic flow in the following diagnostics. We note, however,
that the basic current structure sets up quickly, on the order
of 10 days, so our 120-day integration period is sufficient to
capture the baroclinic current development.

c. Vertical scale

The nondimensional vertical scale predicted by the theory
is (U/Sb)1/2, where U is the velocity scale for the Ekman trans-
port distributed over the full depth of the ocean. However,
the analytic solutions above demonstrate that the baroclinic
boundary current extends over a shorter vertical length scale
of D*. The entire Ekman transport is supplied over this depth
scale through a combination of the interior and along bound-
ary flows. Thus, the appropriate velocity scale is the Ekman
transport distributed over the vertical length scale D* instead
of the full ocean depth. This gives a dimensional length scale
for the baroclinic flow of

D* � tf0
r0N

2b

( )1/3
: (20)
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FIG. 6. Zonal section of the mean meridional velocity (colors;
m s21) and density field (white contours; contour interval 0.1 kg m23)
adjacent to the western boundary, averaged between y = 200 and
400 km. The bold black line is the zero velocity contour. The solid
and dashed red lines are two measures of the vertical scale for
the baroclinic flow, as described in the text.
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For the central parameters used for the model run depicted
in Fig. 6,D = 127 m. The exponential decay scale used to diag-
nose the vertical scale in the previous section was found to be
very sensitive and inconsistent when applied to the model out-
put, especially for cases with very weak stratification. Instead,
we use two different methods to diagnose the vertical scale
from the model fields, one based on transport and one based
on perturbation density near the boundary. The transport-
based diagnostic is the depth at which the meridional trans-
port in the boundary current is a maximum. This effectively
distinguishes the northward flowing upper boundary current
from the deeper counter current. The density anomaly metric
is the depth at which the density anomaly adjacent to the
boundary has dropped to 50% of its maximum value at the
surface. Reassuringly, these two measures give very similar
results, 135 and 115 m for this case, that are also close to the
theoretical prediction. They are indicated on Fig. 6 by the
solid and dashed red lines and compare well with the vertical
scale of the baroclinic flow.

This is a scaling for the parameter dependence of the verti-
cal decay scale of the baroclinic flow, so the best way to test
this prediction is through a series of model calculations in
which the governing parameters are varied. The same model
configuration was used as for the central case but the values
of N2, b, and t0 were varied in various combinations. The
wind stress was varied between 0.001 25 and 0.05 N m22, the
stratification was varied such that the baroclinic deformation
radius ranged between 10 and 200 km, and b was varied be-
tween 0.5 3 10211 m21 s21 and 2 3 10211 m21 s21. These val-
ues were chosen to provide a wide range of the primary
scaling parameter LI/Ld, which varied between 0.016 and
2 over 15 different model runs. The vertical length scale diag-
nosed in the model is compared to the scaling prediction in
Fig. 7. The blue squares are for the transport-based diagnostic
and the blue diamonds are for the density anomaly diagnostic.
In general, the parameter dependence predicted by the theory
is supported by the model calculations. The vertical length
scale varies between about 60 and 1000 m in the model with
an approximately linear dependence on (LI/Ld)

2/3. At very
weak stratification (LI/Ld .. 1, large vertical length scales)
the scaling theory overpredicts the vertical scale, but the
model diagnostics become more sensitive to the detailed
method in this limit. The model supports the prediction that
the vertical length scale of the flow depends on the strength of
the wind stress, not just the local environmental parameters.

The theory provides solutions only for cases in which the
interior flow is toward the western boundary. To test the ap-
plicability of the scaling theory to downwelling favorable
winds, for which the interior flow is eastward, we carried out
9 additional calculations in which the wind stress was varied
between20.001 25 and20.05 N m22 and the baroclinic defor-
mation radius was varied between 10 and 200 km. This pro-
duced values of LI/Ld between 0.016 and 1.0. These model
runs produce a similar vertical length scale as the upwelling
winds and are also in general agreement with the theory
(Fig. 7, red symbols). We attribute the ability of the numerical
model to represent boundary layer solutions even with east-
ward interior flow to the weak but finite viscous dissipation in

the model, which is able to damp short Rossby waves before
they can propagate energy into the interior (Pedlosky 1965).
It is also possible that the short Rossby waves propagate suffi-
ciently slowly that the baroclinic structure remains over the
120-day integration time.

5. Conclusions

The three-dimensional coastal upwelling along a western
boundary forced by a uniform northward wind stress in a
stratified ocean has been studied using analytical and numeri-
cal models. We adopt an oceanic interior westward geo-
strophic flow toward the western boundary, which balances
the offshore Ekman transport and produces an inertial
boundary layer as the onshore geostrophic flow impinges on
the boundary. Owing to the numerous regimes in which up-
welling winds are found along western boundaries, we ap-
proach the problem from a very idealized, nondimensional
perspective in order to identify the controlling nondimen-
sional parameters. The advantage of this geophysical fluid dy-
namics (GFD)-like approach is it exposes the underlying
physics over a range of potential applications.

The source/sink forcing supports a purely baroclinic bound-
ary current in a narrow boundary layer with a horizontal scale
LI �

������
U/b

√
, which is typically smaller than the deformation

radius Ld for deep or strongly stratified oceans. This scale is
determined by the vorticity balance between the relative vor-
ticity and planetary vorticity, which is wider for stronger wind
stress or weaker planetary vorticity gradient. This baroclinic
flow is surface intensified and decays downward with a depth
that scales with LI/Ld �

�������
U/Sb

√
, which is also the square root
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FIG. 7. A comparison between the vertical length scale diag-
nosed from a series of numerical model calculations (Hs) and the
vertical scale predicted by the theory (LI/Ld), where H* � 2000m
is the bottom depth). The squares are derived from a transport-
based diagnostic while the diamonds are based on a density anom-
aly metric (as described in the text). The blue symbols are for posi-
tive wind stress and the red symbols are for negative wind stress.
The green symbols are for the central case discussed in section 4b.
The black asterisks are for uniform horizontal Laplacian viscosity
of 20 m2 s21.
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of the ratio of the interior barotropic zonal velocity and the
baroclinic Rossby wave speed. Deeper than this the depth-in-
dependent onshore flow turns parallel to the boundary and
flows meridionally in an inertial boundary layer. The vertical
scale depends on the horizontal scale through the vorticity
balance and is also larger for stronger wind stress or weaker
planetary vorticity gradient. Stronger stratification means the
more baroclinic flow is trapped near the surface, resulting in a
smaller vertical scale. In contrast to the two-dimensional
wind-driven coastal upwelling, the transition between the
deep recirculating flow and the surface intensified flow marks
the maximum depth of the source waters for the Ekman
upwelling. This means that the depth of the source waters
that feed Ekman upwelling is not an inherent length scale that
depends only on the local stratification but instead deepens as
the wind forcing strengthens, as the stratification weakens, or
as the Coriolis parameter increases. Although the analytic sol-
utions are valid only for westward interior flow, it is argued
that if dissipation is sufficient to trap short Rossby waves then
downwelling favorable winds and eastward interior flow can
support western boundary currents analogous to those for
westward interior flow. The basic current structure and verti-
cal scale predicted by the theory was reproduced in an ideal-
ized primitive equation model for both upwelling and
downwelling favorable winds over a wide range of parameter
space.

Although we start from the flat bottom ocean in our theory,
the vertical scale (20) is not a function ofH*. Moreover, Since
the upper ocean and the lower ocean are decoupled, our flat-
bottom theory is applicable in the real ocean as long as the
depth of the western boundary region is larger than the verti-
cal scale. Typical parameters for the coastal upwelling region
give a vertical scale of D* �O(100) m for the alongshore
boundary current. This is comparable to the Oman upwelling,
where the countercurrent is directed against the wind at the
depth greater than 80–100 m (Elliott and Savidge 1990). To
provide simple but clarifying solutions to the western bound-
ary coastal upwelling forced by alongshore wind, we have
made several strong assumptions and neglected the back-
ground flow. Despite this, the theory presented here provides
a simple explanation for the vertical scale of the upper-layer
boundary current and lower-layer countercurrent.

Topography provides a forcing at z = 0 and alters the flat
bottom solution through involving the stretching vorticity in
the barotropic vorticity balance over the topographic length
scale but with a far smaller strength compared to the source/
sink solution. The vertical structure of the particular solution
depends on the topographic slope. For wide topographic
slopes (k2 , b/U), the particular solution is a bottom intensi-
fied flow over a wider scale than the inertial boundary layer,
which results in a small relative vorticity. If k2 , b/U, the to-
pography shares the same scale as the inertial boundary layer
and the balance is between the relative vorticity and b. For
narrow topographic slopes (k2 , b/U), the relative vorticity
produced by the topographically induced flow is larger than
the advection of planetary vorticity, which results in wave-like
solutions in the vertical.

The westward interior transport was chosen to match the
transport upwelled into the Ekman layer in anticipation that
this westward flow provided the source waters for the upwell-
ing, as for previous two-dimensional solutions. However, it
was shown that, for typical parameters, most of the upwelling
transport is supplied from a remote location by a narrow,
shallow western boundary current, not from the interior flow.
Yet this interior flow is required to maintain the western
boundary current that feeds the Ekman layer, so they appear
to be connected. We speculate that the interior flow repre-
sents an inertial recirculation akin to a Fofonoff free mode
that might be driven by eddy fluxes as the end result of enstro-
phy minimization (Bretherton and Haidvogel 1976).
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